Abstract
Introduction
Fiber photon-pair sources based on four-photon scattering (FPS) constitute a major step towards the implementation of emerging quantum-photonics applications at telecom wavelengths, like quantum key distribution. They have been first demonstrated six years ago [1] . The theory of FPS is not much older [2] and has mainly evolved in close connection with experimental progress. In recent works, spontaneous Raman scattering has been proven to be the major factor limiting the signal-to-noise ratio. It has been suggested that the Raman noise contribution can be reduced if the pump wave and signal/idler photon pairs have different polarizations [3] . The design of such sources requires a clear understanding of the role of the polarization in the process of FPS.
In this communication, the quantum theory of FPS in fibers is presented in a way that takes into account the polarization of light. The analysis is based on a perturbation-theory (PT) approach of scattering. This technique has been used previously to describe quantum effects in χ (2) interactions, like parametric down-conversion (PDC). Previous erroneous attempts [4] to generalize PT to χ (3) interactions led to much confusion. The present work includes: (i) a discussion of the difficulties raised by the PT of χ (3) processes, (ii) an in-depth discussion of the way the perturbation series sums in the case of "scalar" FPS (the photons involved are all in the same polarization state), (iii) a first-order PT of FPS taking into account the polarization state of light, (iv) applications to important situations (isotropic, lowand high-birefringence fibers).
Perturbation theory of FPS in fibers
FPS is a quantum process in which two pump photons at frequency the (first-order PT) probability of generating a signalidler pair is expected to be proportional to the square of the efficiency factor
where ! "# = "k + "k NL is the total phase-mismatch parameter that includes the linear phase-mismatch Applying the same splitting to the PT description of FPS leads to the following difficulty: at a given perturbation order, the description of SPM and CPM is only partial. Therefore the correct value of ! "k NL can only be found when the perturbation series has been entirely summed. As a particular consequence, the intuitive result (1) cannot hold in a first-order PT approach.
In recent literature (see [5, 6] , for instance), formula (1) has been used to investigate various FPS configurations. These works refer to [3] for its theoretical derivation. However, the authors of [3] apply the PT using the standard "Hamiltonian splitting" described above and obtain (1) accidentally (because of a sign error in the SPM effect). An important and urgent question to be answered is whether (1) is valid in the framework of first-order perturbation theory.
I show that (1) is indeed a correct first-order approximation result. However, its proper derivation requires the introduction of a perturbation scheme that is different from the standard one discussed above. In that "modified" scheme, the SPM and CPM effects are included in 
Applications
The "modified" perturbation scheme has been used to study FPS in isotropic and birefringent fibers. Fig. 1 shows the spectrum of FPS is an isotropic fiber. Photon pairs have the same polarization as the pump and are energy-entangled. The spectrum is plotted as a function of the angular frequency detuning In birefringent fibers different kinds of FPS can take place at the same time according to the fiber parameters, the pump power, and its polarization. It is useful to distinguish the high-and low-birefringence limits. The generated photons pairs are found to be not only energy-entangled but also polarization entangled. Maximally polarization-entangled photon pairs can even be generated. Fig. 2 shows a typical FPS spectrum in a high-birefringence fiber in the low pump power regime. The pump is linearly polarized at 45 degrees relatively to the optical axes. Far detuned peaks correspond to polarization correlated (but not entangled) photon-pairs. Their very narrow spectrum may constitute a decisive advantage over other photon-pair sources at telecom wavelength if Raman noise is overcome. The broader peek around the pump frequency corresponds to photons that are entangled in both energy and polarization. Using spectral filtering, these polarization-entangled signal and idler photons can be separated and sent into standard telecom fibers for quantum communications purposes. 
Fig. 2: Spectral photon-flux density for "vector" FPS in high-birefringence in fibers in the anomalous

P0=5W.
Low-birefringence fibers allow an even more interesting FPS process in which a linearly polarized pump creates correlated photon pairs that are polarized orthogonally to the pump. This is a very promising process because it should be less sensitive to the Raman noise and because the wavelength of the generated photons can be modified by tuning the birefringence.
